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Multiple interpolation with the 
fast-growing knots in the class of entire 
functions and its application 


I. Sheparovych 


Abstract 


The conditions for the sequence of complex numbers (b,,,) are obtained, 
such that the interpolation problem g®— (An) = bn.z, k € 1,8, n EN, 
where |A,/Ax+41| < A < 1, has a unique solution in some classes of entire 
functions g for which M,(r) < ci exp((s — 1)N(r) + N(pir)), where N(r) 
is the counting function of the sequence (An), p1 € (A;1), and ci > 0. 
Moreover, these results have been applied to the description of the solution 
of the differential equation f*)+Ao(z)f = 0 for which (A,,) is zero-sequence 
and the coefficient Ag is an entire function from the mentioned class. 
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1 Introduction 


Let (bn,~) be an arbitrary sequence of complex numbers and let (Ax) be a 
sequence of distinct complex numbers without finite limit points. Set N(r) = 


Tr 
f mle) ge, where n(r) is equal to the number of points of the sequence (Ax) 
0 


in the disk |z| < r. Note that N(r) = > log Dal Let g(z) be an entire 
|Ak|Sr 
function, and let M,(r) = max {|g(z)| : |z| =r}. 
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Hel’fond [11] and Kaz’min [14] considered an interpolation problem 
g(x) = be, k € N, with interpolation knots in \, = g*~! and |q| > 1. 
From their results, the next theorem follows. 


Theorem A (Kaz’min). Let A, = q*~1,|q| > 1. Then for every sequence 
(b,) such that 


k-1 
Tim lq)? [oel’/* <i, ra € (51), 
k- oo 


the interpolation problem g(A;) = by, has a unique solution in the class of 
entire functions g, that satisfy the condition 


In M,(r) < 


for each p, > 7; and some cz > 0 (here and farther c; are positive constants). 


The aim of this paper is to consider the interpolation problem 
gy On) =beny WE(uiigh WEN, (1) 
where s € N and the sequence (A,,) satisfies the condition 
IAn/Anzil] <A, neEN, (2) 


for some A € (0;1). It should be noted that in the case when s = 2, the 
problem was solved in [21] and the next assertion was proved. 


Theorem B. Let (\;,) be a sequence of complex numbers satisfying condition 
(2). Then for every sequences (6,1) and (by,2) such that for some g € (A; 1), 


|bk.a] S cx exp (2N (q|Axl)), [Azllbx,2] S c2 exp (N ([Axl) + N (glAnl)), & EN, 


the interpolation problem g(Ax) = 641,9'(An) = 5x,2,k € R has a unique 
solution in the class of entire functions g that satisfy the condition 


M,(r) < cg exp (N(r) + N(pir)) 


for each p; € (q;1). The interpolation function has the form 


ae) = 3 (-7F L'"(Ag)bia L2(z) , bang L7(z) bea D(z) 


= D4) z—An L(x) 2—Awg © L(x) (2 — dx)? 


where L(z) = TI (1 -_ z). 


In this article, this result is generalized. We prove the following theorem. 
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Theorem 1. Let (A;) be a sequence of nonzero numbers satisfying condition 
(2) for some A € (0;1), then for every sequences (bk.n), k € 1,5, n EN, 
such that 


[Pn] S erkl|An|~" exp (KN (|An|) + (8 — RYN (@lAnl)) (3) 


where g € (A;1) and c; > 0, the interpolation problem (1) has an unique 
solution in the class of entire functions g, such that 


M,(r) < c2exp((s — 1I)N(r) + N(pir)) (4) 


for each p; € (q;1) and some cp > 0. 


To prove this, we construct the function g by the known methods used in 
[5, 15, 16, 21]. The function has the form 


s—k 
a re (z — Xr yk x et Se ee Con (5) 
we 4=0 


nas ae 


oo _y ys\ (3) 
where L(z) = [[ (1— z/Ag) and ¥s,;(z) = (= ) ; 


=1 


> 


2 Preliminaries 


We need some lemmas. 


Lemma 1. [21] Let (A;) be a sequence of distinct complex nonzero numbers, 
satisfying condition (2) for some A € (0;1). Then there exists a constant 
c > 1 such that n(per) < n(r) + ¢ for each pg > 1 with ppA < 1, and for 
every 91,0 < pi < po, the inequality 


N(par) < N(pir) + clog ee + n(r) log p2 (6) 
Pl Pl 
is fulfilled. 


Lemma 2. If (Ax) is a sequence of distinct a aa nonzero numbers such 

that the series > 1/|Ax| is convergent and L(z) = Il (1 — z/Ax), then for 
k=1 

1 > 2, it holds that 


L© (Ag) 2 = Ey ae 
— . 7 
L' (Ag) —1 nas ae L’(Ag) x _ Ag) 3! ( ) 
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L"(X ) oO 1 
, ia ro Hi k : 
Proof. In [2, 13], there is the relation 6s oe ee ee (it was 


justified in [21]). Now we argue similarly. The next relationships 


yi ne oe - 
7 ge : = (4) =, i-1 
L(z) = 2, Ae An)(2 — Av)", C247 2 LOE — J, 
i) \% & : : - 
mir) 2a Teas iBOOne— IS 
L(z) (s) s : _ 
z—x = $5 (-1)9(8 — gL (z)(z — An) 
nm j=0 
are true. So, by differentiating | — 1 times the equality L’(z) = Zi) i 
ary , we obtain 
n=1,n4¢k ea 
7 oo (1-1) 
(2) (2)" ie (42) 
z—Xp aoe Xe 
a! 
p> i(i — 1)! (Ax) (2 — Ax) 
+ y (z— reo 1 (l- 9 DIL (z)(z— dn) 
n=1,n4¢k j=0 
=—L (dj) + o(z — Ax) 
+ Ys (-DF(l= § — IIL (z)(z — An? 
n=1,n4k (2— An) 0 


Furthermore, for z > Az, the next equality 


(L-1)LOA jf) LOM Og) 
IL’ (Ax) -> ae. rn jimst1 


n=1,n4¢k j=2 L'(Xx) 


holds, which completes the proof of Lemma 2. 
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Lemma 3. If a sequence (A,) satisfies condition (2) for some A € (0;1), 


then the next inequality is true 


sane ALA (ty j € N\{1}. 


Proof. From (7), we can obtain 


L@ (dx) ; ica 
ae < e(9) 


Indeed, for 7 = 2, we have 


= 1 = 1 
es ele a ree 


n=1,n4¢k n=1,n4¢k 


| L" (Ag) 
LT’ (Xk) 


Let us use the induction to obtain (8). Assume that (8) is true for 7 < / and 


prove it for 7 =1+1: 


ee < > ar ye Ve G12 ni 


L’ (Ak) L' (Ak) (Ak — An)! Ft? 


n=1,n¢k j=2 


LG-Y) (Az) 


(l+1-39)! 


n=1,n¢k j=2 


14+1|] LQ ,) 1 


Saas | gn 
i L'(Xk) | ptr Ak — An 
bein! | LO-D (Ag) eal 1 
pee ea ho 
j=2 k) n=1,n¢k [An — An| 


L 
= 1 
<e){ SO ——— 
es [An — An| 


1 


1 j-2 
1 
£3041 Mey — 1) | >> ————. ———— 
2, ase (5 xa} [Az — An|'~9+? 


n#k 


2 oo L (Xz) 1 ‘ : j 
aaa (( ~ On-te- we oe . L' (A) 


Ar — Ay) nat? 


co 1 Toad : 1 t 
<a ( > cs ) pe mse0(S 5255] : 


Thus, using a simple mathematical calculation, we have (cs := c(j)) 
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j-1 
LG) (Xx) = 1 es 1 
<c¢ + 
| Ta) |= \ Dal 2s TDP aal * 2+ Dad = DP 
k Ir jot 
k 
AT 
* Dh F Dal? (ie Pe sec ee 5) 
fore) j-1 -1 
C3 k-1 = ( k y 
< FF OU A” ’ 
[AP ( A oe, [Ax 


where cq := c4(j, A). 


Lemma 4. If a sequence (A,) satisfies condition (2), then for ys,;(z) := 


s\ (9) 
(8 ) ,j €0,s—1, where L(z) = Il (a- x), the inequalities 


n=1 


l¥s,0(An)| < €3|An|* exp(—sN)(|An|) + €8), (9) 
lyst(An)| < cas(s +1)... (8 +1 —1)|An|*'n! exp(—sN(|An|) +cs) — (10) 
are fulfilled. 


Proof. First, we prove (9). By the known equality (see, for example, [20]) 
log |AkL’(Ak)| = N(|Ak|) + OW), & € N, we have 


[an ?%6,0(An)| = = exp(—sN(n) + O(s)), NEN. 


a ees 
|AnL/(An)I" 


Furthermore, let us prove (10). Since L(z) = >) 1L@(n)(z — An)* and 


w=1 
L'(z) = 3 ALO (On) (z — An)*7}, we have 
i=l 
=e 
L{z)—{( -S- z—An)", 
j=2 
ie e-apre)O=-5 = ae PF VE= DY pO AR)(e— An) 
i=l 
Then 


z—An)*®\' 22 n)87 : 
vente) = ( a) An)" (1 (2) ~ (2 — dn) !(2)) 


(z— An)*" HL ay 
oat (An)(2 — An)*~ 
Ls l(z) a | 
aA ass ” mt 
( ay (se On ah ses 
z— An)? " 
= ae Gy) eOG— Aw), 2st 
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ee ae oO 
Vern) = TTA, BCE Ow))* Ln) 


Thus, 


7 woRS s a ; a stl oo g=4 a - = , 
s,2(2) (( 70) )) ( ( =) », EO An) = An) ) 


6a 2 
_ te - An)st? ps : 5 LO On)(z 2 wo) 


Ls+2(z) 


3% ayy iG 2) 5 (n)(z — An)*-3: 


Ls+1(z = a! 
_ 8(s + 1) ” 2 _28Ll"(An) 
Ys,2(An) (202 (Ln) 2 (L’"(An)) 3BI(L’(An))>t? 


7 8 (s+1) (L"(\n)\?— 2L/"(An) 
2(L'(An))S 2 L'(An) 3L’'(An) J ° 
Continuing the process, we can obtain (by mathematical induction) a general formula, 
for 1 > 1, 
(L""(An))' 
2! (L'(An))°*4 
(Ga) AB Oa) | 
(2!)23!(L/(An))Sto 2 


¥s,t(An) =(-1)'s(s + 1)(s + 2)...(s 41-1) 


+ (—1)'"10? s(s + 1)(s + 2)...(s +1 — 2) 


s Le) (An) 
(+1) (L'(An))8tt 


It is not difficult to show that (by Lemma 3) 
s(s+1)...(s+1—1)n! 
|An|'|L/(An)|° 
<c4s(s+1)...(s +1 —1)|An|8~!n! exp(—sN(|An|) + ¢8). 


|-vs,1(An)| <c4 


3 Proof of Theorem 1 


Proof of Theorem 1. First, we will prove the uniqueness. Assume to the con- 
trary that for some sequences (b,,,) with the properties (3) in the class (4), 
there exist two different entire functions g = f; and g = f2 that solve problem 
(1). Then the function f = fz — fi has zeros of order mz > s at all points 
A, and satisfies the condition (2) for some p; < 1. This implies from the 
Jensen inequality In M;(r) > sN(r) + O(1) that N(r) < N(pir) + co. This 
is a contradiction, because N(r) — N(pir) > +00, if pi < 1 and r + +00. 
Thus uniqueness is proved. 
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Now, we will prove that the function g of form (5) satisfies condition (4). 


Since (see [20, 18, 19]) for every n € N, r € [0;+00), and e > 0, 


L(z) M,z((1+.e)r) 
4 < < i 
max { rd, |z| < r} < c(e) aaa (11) 
and 
Ae n A n-1 : n 
exp (N(n)) = 22, exp(N (qlAn))) = Gael — = gr Pel 
IT |Ax| IT Ax IT Ac! 
k=1 k=1 k=1 
and (10), 


q € (A;1), applying Lemmas 2, 3, and 4 and conditions (3), (9), 
we obtain (lL<k<s;0<i<s-—k) 


[OS pO a Vea ea Aw) | < cai!C’_,s(s +1)...(s +s—k—i-1)|An|*n?-* 
x exp (cs — (s — 4) N (An|) + (8 — 4)N (a[Anl)) 


(se) 28 R-II) heed Ged) 
< S—1t)(n 
= Gk) ae 


Thus, by (11) and the equality In M;(r) = N(r)+O(1),r € [0; +00), (see, for 
example, [21]), for each & € 1,s and some s € N, one has (with p2 := (1+¢)) 


L8(z) s—k : 
ceo yn ag 5 age) 
"/ i=0 


Tents 
= Er eoy] =O 5 Chahta tin) 
< cy exp ((s— k)Na(r) + kN 3 (p2r) + ¢8) Coa . 2 i 
x Sat (aghy Ea 


Furthermore, suppose that |Am| <r < |Am+uil,that |z| < r, and that 
pi = p2q. Then m = n(r) and 


a i a ee em 


( lAnlq ) < (Au! ) Z ( 
r+ [rn = r ~\ [Am 


So, proceeding from Lemma 1, 
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exp ((s— K)Na(r) + ENa(par) + 5) (sla’)* 


< exp ((s —k)N\(r) + kN)(pir) + km Int + cs) Ae (a 
(m—n)k 
< exp ((s — k)Ny(r) + kN) (pir) + cs) (4) 


for m >n. Hence, ifm > n, then 


MOTOR (gM 
Ikon <ca exp ((s — k)Ny(r) + EN (pir) + cs) ( — 
q (s—1)! 
s—k tz 
—sti n\s—k—-i (2s ai i)! 
If m <n, then 
k).N kN. nla \* 
exp ((s — k)Ny(r) + (par) + ¢s) r+[A\nI 


< exp ((s —k)Ny(r) + kN) (pir) + km InZ + cs) gh 
= exp ((s — k)Ny(r) + KN) (pir) + es) gk —™ 
and 
Tkn < ca exp ((s — k)Ny(r) + kN) (pir) + cs) 
k(n—m) (ee —sti n\s—k—i (sts—k—i)! 
xq (s-D! oe qd (nq”) “(s—k-a)! 


Therefore, since nq”! < 1 for n > no and 


m (m—n)k °° k 
(2) 6 et, SS Ege 
‘ 1 —(A/q) q—A Pg 


ee n=m+1 
: if 12 Os. pap! 2s"T(s —1 
», (g= md rc —k- 5 s (s+ cee 2 1) =: c(s), 
we have 
caaaeerl L5(z) s—k 
Ig2)I s 22d, (s — k)(z—An)® » Cy—rlbni'Ye,s—k—i(An)| 
er 3S iam too os i) 
7 Xd (s —k)! : ee (s—k)! 
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wn 


1 
<5 fem eee) 
k=1 7 
m A (m—n)k s—k _ are Qs a i)! 
: = i) 4 (nq") (s—k-—1)! 

oo s—k 

k(n—m) —s+t n\s—k-i (2s == i)! 

+ dog der (ng") Gy 
n=m+1 i=0 


< e(s, A) exp ((s— 1) N(r) + N(pir)). 


Remark: If (A;) satisfies (2), then class (4) can be defined by the con- 
dition 
M,(r) < co exp (sN(p3r)) (12) 


for every p3 € (9/1; 1). 
This statement follows from a similar one in [21, Remark 3]. 


4 One application to the differential equations 


Multiple interpolation can be applied to the problem of oscillation of linear 
differential equations of higher order, in particular, of equations of the form 


FOO + As a(Z) fo +++ + Ar(z)f’ + Aolz)f = 0, 


where A;(z)(i € 0,5 — 1;s € N\{1}) are analytic functions. Many papers are 
devoted to this one and adjoining problems. See, for example, [3, 17, 7, 12, 
9, 8]. 

Let us consider the equation 


f) + Ao(z)f =0. (13) 


Problem. Let (A;) be a given sequence of distinct complex numbers 
having no finite limit points and satisfying (2). Does there exist an entire 
function Ag(z) such that the differential equation (13) possesses a solution f 
with the zero-sequence (A,)? How does M;(r) increase? 

Note, that in [21] that problem was considered for the case s = 2. The 
following statements were proved. 


Corollary 1. Let (A;) be a sequence of complex numbers satisfies a condition 
(2) for some A < 1. Then there exists an entire function Ap(z) such that 
f” + Ao(z)f = 0 possesses a solution f, an entire function with the zero- 
sequence (A,), and 


IJNAO, Vol. 12, No. 1, (2022), pp 131-144 


Multiple interpolation with the fast-growing knots in the class of ... 141 
In My(r) < N(r) + ¢3 exp (2N(p3r)) 
for each p3 € (p1;1). 


Corollary 2. If (A;) satisfies (2) for some A < 1, then there exists an entire 
function Ag(z) such that f” + Ao(z)f = 0 possesses a solution f with the 
zero-sequence (A;,) and 


|Ao(z)| < cg exp (4N(Rir)) 
for each Ry € (1;1) and all r > 0. 


Following [2], we can set the solution of (13) in the form f(z) = L(z)e"™, 


where L is an entire function with the simple zeros at points ,, (for example, 
co 
L(z) = [J (1-2/A,)), w is some entire functions from the class (4) (or 


(12)). It is not difficult to see (for the case s = 2, it was proved in [21, 9]) 
that f = Le” is a solution of (13) with zero sequence (A,,), if w is a solution 
of the multiple interpolation problem 


wt) Orn) = dares Re {ee 2 ee Ny, 


where 
L"(X ) 
/ aaa n 
bn,o =w' (An) IO) 
LA, ey 2 
aE = I 
2) ag) Gas 
On k =k) (An) (14) 
l k—2 
eee L(k+?) J (G+2) 7 (k-3) ae 
G2 00.) ~ (An) + » Ch_ow (An) 
k-1 . 
+ yc (aE 0H D yD He LED (wy?) ) (An) 
j=0 


This problem leads to (1) if we put g(z) = w’(z). From (14), applying 
Lemmas 2 and 3, we have the next inequality 


n \eth 
|Dn.n| < ca (=) 
|An| 


for every k € 0,s—landneéeN. Thus, b,n,, k € 0,s—1, satisfy the 
conditions (3) of Theorem 1, which proves the existence of the function w 
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from the class (4), and consequently, the existence of solution f = Le” of 
equation (13). 
Therefore, in analogue of Corollaries 1 and 2, the next assertion is true. 


Theorem 2. Let (A;) be a sequence of complex numbers satisfying condition 
(2) for some A < 1. Then there exists an entire function Ao(z) such that for 
every s > 2, equation (13) possesses an entire solution f with the sequence 
of zeros (A;,) and for every p1 € (g;1) and all r > 0, we have 


In Mj(r) < cg exp((s — 1)N (r) + N(pir)) 


or 
In My(r) < co exp(sN(p3r)) 


for every p3 € (1;1) and all r > 0. 


(s) 
In addition, Ao(z) = ere satisfies the growth estimate 


Ma,(r) < ¢3(s) exp (s*N(psr)) 


for every p3 € (p1;1) and all r > 0. 


5 Conclusion 


Problems of multiple interpolation in the classes of entire functions have been 
investigated in the works of many authors, for example [15, 16, 5, 10, 6, 1, 4]. 

In this article, there was shown that interpolation problem (1) has the 
unique solution in class (3) when interpolation knots grow fast (satisfy con- 
dition (2)). 

Applying counting function (N(r)) of the sequence (\,,) in the definition 
of the mentioned classes is the peculiarity of this result. 

Also, the obtained result was applied to the oscillation problem of the 
differential equation f) + Ag(z)f = 0. So, there was shown existing an 
entire function Ao(z) such that the previous differential equation possesses a 
solution f with the zero-sequence (A,) and there was found growth order of 


f. 
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